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Abstract
Spin–orbit interaction in a laterally coupled double-quantum-dot system modifies both the
energy spectra and the corresponding wavefunctions. These modifications introduce new
features in the resonant tunneling measurements. There are new spin–orbit-induced peaks in the
resonant conductance versus energy dependence. The widths and the shapes of the peaks are
determined by the strength of the coupling between the states of the quantum dots. The
coupling occurs through the continuous states of the leads. The width of the higher energy peak
in the spin–orbit tunneling doublet is larger than the width of the lower energy peak. Spin–orbit
coupling also introduces an additional interference, which results in an anti-resonant behavior
of the tunneling current. We also report on our study of the interplay between the spin–orbit
effects and the direct tunneling between quantum dots.

1. Introduction

Spin–orbit (SO) coupling in low dimensional structures [1]
plays an important role in the understanding of different spin
effects in semiconductor nanosystems. The SO coupling
not only modifies the energy spectra of electrons, but also
changes the interference and correlation properties of the
electron systems through the specific structure of the electron
wavefunctions in the systems with SO coupling. One of the
nanosystems, in which SO coupling can result in qualitatively
new effects, is a quantum dot (QD) [2]. The interest in
quantum dots is related to their huge potentials for applications,
ranging from novel lasers and photodetectors [3] to energy and
information storing and quantum information processing [4].
The manifestation of SO coupling in the energy and the optical
spectra of QDs has been studied in detail both with and without
magnetic field [5, 6].

Another direction of QD research is related to coupled
QDs. The coupled QDs have been proposed as building
blocks of quantum computing [7]. Therefore, understanding
the properties of such systems, especially in relation to their
spin degrees of freedom, is very important. One very powerful
and accurate tool, which is widely used to study the properties
of low dimensional systems, is the measurement of electron
tunneling transport through the quantum system [8]. In

such experiments either a resonant tunneling current or a
current–bias voltage dependence is measured. Below we
concentrate just on the resonant tunneling experiments. In
these experiments the tunneling conductance at zero bias
voltage is studied. As a function of a Fermi level of the
leads, i.e., as a function of the gate voltage, the conductance
shows a set of maxima. The condition of the maximum
conductance is achieved whenever a discrete level of a system
coincides with the Fermi level of the leads. Therefore, in
a confined system, such as the QD, in which the energy
spectra have discrete nature, it is possible to extract information
about the positions of the energy levels from the resonant
tunneling experiments [9]. In addition to the position, the
width also characterizes the conductance maximum. The
width of the conductance maximum, i.e., the width of the
corresponding energy level, is determined by the coupling
between the discrete levels of the system and the continuous
states of the leads. This coupling has an interference nature.
Since the width of the conductance maximum is determined
by the interference processes, it becomes sensitive to the
effects which suppress such interference. One of the types
of system where such sensitivity can be observed has been
discussed in [10]. In this paper a resonant tunneling through
two impurities in a tunneling barrier has been studied. It
has been shown that due to a coupling of the impurity states
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through the continuous states of the leads, the width of the
conductance resonance has strong dependence on the spatial
distance between the impurities in the barrier. We explore the
effect, discussed in [10], for a different structure. Namely,
we consider a laterally coupled double-quantum-dot system.
This system is similar to the impurity system and to study the
tunneling conductance we apply the same procedure as was
used in [10]. Since the width of the conductance maximum is
determined by the interference processes, it is sensitive to the
structure of the wavefunctions of the quantum dots. Therefore,
we expect the presence of SO coupling in a double-QD system
to change the shape and the width of the conductance peaks.

The problem that we study in the present paper is the
resonant tunneling transport through a system of laterally
coupled double QDs with SO interaction. The main question
that we address in the paper is the following: what are the
shapes and the widths of the conductance maxima? Since the
resonant tunneling conductance is determined by the density
of states of the confined system, then we just need to find the
density of states of the double-QD system coupled to the leads.

The paper is organized as follows. In section 2, we
present the main system of equations and the formalism that
we used to study the tunneling conductance. In section 3,
we present the results of calculations of the widths of the
tunneling conductance peaks, which are affected by the inter-
dot tunneling process. In section 4, we introduce the SO
coupling and study the effect of the coupling on the widths and
the shapes of the conductance peaks. In section 5 we present
the concluding remarks.

2. Formalism

The system under consideration is shown schematically in
figure 1(a). It consists of two quantum dots coupled to the right
and the left leads. The Hamiltonian of the system is defined as

H =
2∑

i=1

∑

n

εi
nd†

i,ndi,n − t
∑

n,m

(
d†

2,nd1,m + h.c.
)

+
∑

k,μ=L,R

εμ,kc†
μ,kcμ,k

+
∑

n,k,μ=L,R

(
V (1)

k d†
1,ncμ,k + V (2)

k d†
2,ncμ,k + h.c.

)
,

where εi
n is the nth energy level of the dot i = 1, 2, d†

i,n is
the creation operator of an electron on the nth level of the dot
i , t is the inter-dot tunneling amplitude, c†

μ,k is the creation
operator of an electron with momentum k and energy εk in
the lead μ = L, R. Here L and R stand for the left and the
right leads, respectively. The matrix elements V (i)

k are the
tunneling matrix elements connecting the dot i and the lead.
We also assume that the inter-dot tunneling amplitude, t , has
weak energy dependence.

The energy states of each QD can be found if we specify
its confinement potential. For concreteness we assume that the
confinement potential is parabolic for both QDs. First we study
a double-QD system without SO coupling. In this case the

Figure 1. (a) Schematic illustration of a double-quantum-dot system
coupled to the left (L) and right (R) leads. Here t is the amplitude of
the tunneling between two dots. Schematic illustrations of the
coupling of the states of QD through the continuous states of the lead
for (b) the same dot (S process), and (c) different dots (D process).
Here ρ0 is the inter-dot distance.

(This figure is in colour only in the electronic version)

energy levels εi
n of a single quantum dot can be found from the

following Hamiltonian:

Hdot = P2

2m∗ + 1

2
m∗ω2

0r 2. (1)

The eigenenergies and the eigenfunctions of the Hamilto-
nian (1) are the Fock–Darwin states [11], which are charac-
terized by two quantum numbers, n and m, and have the form

εi
n,m = (2n + |m| + 1) h̄ω0, (2)

φn,m = 1

a
√

π

√
n!

(n + |m|)!e
−x/2x |m|/2L |m|

n (x)eimθ , (3)

where L |m|
n are the associated Laguerre polynomials [2], x =

r 2/a2, and a = (h̄/m∗ω0)
1/2 is the characteristic length of

the quantum dot. The wavefunctions of the lowest six energy
levels are φ0,0, φ0,1, and φ0,−1, where the states φ0,1 and φ0,−1

are degenerate. To find the energy levels of the coupled QDs
we need to take into account the direct tunneling between the
levels of the dots. This tunneling shifts the single-dot energy
levels and introduces the mixture between the states of the
quantum dots.

To find the conductance G(E) through the double-
dot system we have used the zero-temperature Landauer
formula [12]

G(E) = 2e2

h
Tr
[
Ga(E)ΓRGr(E)ΓL

]
,

where Gr (a) is the retarded (advanced) Green’s function of
the double-dot system and ΓL(R) is the tunneling matrix,
corresponding to the tunneling coupling of the dot states
through the continuous states of the left (right) lead. Here E is
the energy of the tunneling electron. This energy is equal to the
Fermi energy of the leads. To obtain Gr, we use the equation of
motion approach for the retarded Green’s function. From this
equation we find

Gr−1
(E) =

(
E − ε1

n,m t
t E − ε2

n,m

)
+ i

2

(
ΓL + ΓR

)
.
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The coupling of the states of the dots through the
continuous states of the leads is determined by two processes,
which are illustrated in figures 1(b) and (c). In the first
(S) process the electron tunnels from the QD into the lead
states and then tunnels back into the same QD. This process
determines the width of the resonant tunneling level in a single-
dot system. In the double-dot system we have another (D)
process, in which the electron tunnels from the state of one of
the QDs into the continuous states of the lead and then tunnels
into the states of another QD. As a result there is a coupling
between the states of different quantum dots through the states
of the lead. While the direct tunneling between the states of
the QDs shifts only the positions of the resonant levels, the
coupling through the continuous states modifies the width of
the resonant levels of the double-dot system.

The coupling through the continuous states of the leads
is described by the tunneling matrices ΓL(R), which have the
following form:

ΓL(R) =
(

�SMS �DMD

�DMD �SMS

)
, (4)

where �S = 2π |V (i)
kL(R)

|2, and �D = β �S. Here, we introduce a
parameter β � 1, which characterizes suppression of the inter-
level coupling of different QDs compared to the coupling of
the levels of the same QD. We introduce this parameter just to
illustrate the interplay between different types of process, i.e.
processes ‘S’ and ‘D’ shown in figure 1(b). The matrices MS(D)

are determined by the overlap between the states of the QDs
and the continuous states of the leads. For the wavefunctions
(equation (3)) of the parabolic QDs the matrices MS(D) have
the following form:

MS(n1m1, n2m2) =
∑

k

〈n1m1|k〉〈k|n2m2〉 δ (E − Ek)

=
∫

d θkφ
∗
n1,m1

(k)φn2,m2(k)

MD(n1m1, n2m2) =
∫

d θkφ
∗
n1,m1

(k)φn2,m2(k)eik0ρ0 cos θk ,

where ni and mi are the quantum numbers of the dot i and
k0 = √

2m(E − E0) is the Fermi momentum of the leads.
Here we assumed that the electron dispersion law in the leads
is εk = E0 + k2/2m and E0 is the energy of the subband edge
of the lead. Below we consider k0 as an additional parameter
of the problem.

3. Double-QD system without SO coupling

At low temperatures and at low electron occupations of QDs,
the current is determined by the tunneling through the low
energy levels of the QDs. Therefore, we consider only three
lowest energy levels in each quantum dot. Substituting the
wavefunctions, equation (3), into the expression for matrices
MS(D), we obtain the matrix elements with the components
corresponding to {φ0,0, φ0,1, and φ0,−1} in the following form:

MS = γ

( 1 0 0
0 k2

0a2 0
0 0 k2

0a2

)
,

Figure 2. Conductance as a function of the energy of the tunneling
electron is shown for a double-dot system at ρ0 = 2a and (a) t = 0
and β = 0, k0a = 0.002 (dotted line), k0a = 0.004 (dashed line),
β = 0.95 and k0a = 0.002 (solid line); (b) t = 1 and k0a = 0.002,
β = 0 (dotted line) β = 0.95 (solid line).

MD = γ

×
( J0(k0ρ0) −k0a J1(k0ρ0) −k0a J1(k0ρ0)

−k0a J1(k0ρ0) k2
0a2 J0(k0ρ0) k2

0a2 J2(k0ρ0)

−k0a J1(k0ρ0) k2
0a2 J2(k0ρ0) k2

0a2 J0(k0ρ0)

)
,

(5)

where γ = 8π2a2e−k2
0 a2

and Jn is the Bessel function of
the first kind. We can see from the above expression that on
increasing the inter-dot distance, ρ0, the coupling of the states
of different QDs becomes suppressed. This suppression is not
related to the suppression of the inter-dot coupling introduced
by the parameter β in the expression for �D. Below, we use
the confinement potential strength equal to h̄ω0 = 3 meV and
the inter-dot distance equal to ρ0 = 2a. In general, �S is
exponentially decaying along the tunneling direction. Here,
we choose �S = 0.1 meV.

First, we consider the double-dot system without direct
inter-dot tunneling, i.e., t = 0. This means that QDs are
decoupled and isolated. Then the positioning of the resonant
levels for a double-dot system is the same as for a single-
dot system. The only effect that we should expect in such a
system is the change of the widths of the resonant maxima.
At small values of k0a, the Bessel functions are approximated
by J0(k0a) � 1 � J1(k0a) � J2(k0a) � 0. If the
inter-dot coupling through the continuous states of the leads
is suppressed, i.e., β = 0, then the conductance reduces to a
Lorentzian (Breit–Wigner) line shape,

G �
(2e2

h

)
2

(
2�2

Sγ
2

E2 + �2
Sγ

2
+ 4(�Sγ k2

0a2)2

(E − h̄ω0)2 + (�Sγ k2
0a2)2

)
,

(6)
where the factor 2 stands for the spins. The above expression
has also the form of the conductance of a single dot with the
conductance maximum at E = h̄ω = 3 meV. The effective
line broadening in this expression is �Sγ k2

0a2. Therefore, on
increasing the parameter k0a the width of the resonance line
is increased. This tendency is shown in figure 2(a), where we
can see that the width of the peak, shown by the dashed line
(k0a = 0.004), is four times larger than the width of the peak
shown by the dotted line (k0a = 0.002). For the parameters
of the system that we have used in our calculations, the value
of �Sγ in the first term of equation (6) is much larger than

3



J. Phys.: Condens. Matter 20 (2008) 135221 H-Y Chen et al

E . Therefore, for E � 100 meV, the contribution of the first
term is around 4. This determines the background value of
the tunneling conductance in figure 2. If we introduce the
inter-dot coupling through the continuous states of the leads
(process D), i.e., if β > 0, then the shape of the peak, but not
its position, will be modified. For example, on a background
of a broad peak we should expect the formation of a very
narrow resonance line [10]. This is illustrated in figure 2(a)
for β = 0.95.

At t �= 0, we have a coupled double-dot system, i.e., a
quantum dot molecule. The degeneracy of the energy levels
(φ0,1 and φ0,−1) is lifted by the direct inter-dot tunneling.
In the present problem this results in the emergence of two
resonances with the same width, which is equal approximately
to �Sγ k2

0a2 at β = 0. This behavior is shown in figure 2(b).
If we introduce the coupling between the dots through the
continuous states of the leads (D process), then the widths of
the levels of the dots, i.e., the widths of the resonant peaks,
become different. For example, the higher energy state, i.e.,
the unbonding state of the double-dot system, becomes narrow,
while the lower energy state, i.e., the bonding state, becomes
broad (see figure 2(b)). This tendency can be understood if we
consider just a single level per dot. In this case, the bonding and
unbonding states of the quantum dot system are symmetric and
asymmetric states, respectively. The tunneling matrix becomes

ΓL(R) =
(

�11 �12

�12 �11

)
,

where the quantities �+ and �− are defined by the expression

�± = �11 ± �12.

Then it can be easily shown that the conductance is the sum of
two Lorentzians:

G � 2e2

h

(
�2+

(E − t)2 + �2+
+ �2−

(E + t)2 + �2−

)
.

Then the width of the bonding state is determined by �+ ∝
(�11 + �12), while the width of the unbonding state is �− ∝
(�11 − �12). In the present problem this means that �+ ∝
[1 + J0(k0ρ0)] and �− ∝ [1 − J0(k0ρ0)]. Therefore, for small
(k0ρ0) the width of the bonding state becomes much larger than
the width of the unbonding state.

4. SO coupling

To include SO coupling in the double-QD system we assume
that the dominant source of SO interaction is a structural
inversion asymmetry [13]. Then the spin–orbit Hamiltonian
takes the form [14]

HSO = α

h̄
[σ × p]z , (7)

where z is the growth direction (direction of tunneling),
and α is the spin–orbital coupling strength. The value of
α, obtained from various experiments, lies in the range of
5–45 meV nm [15]. With SO coupling, determined by
equation (7), the eigenfunctions of a single quantum dot can

be expressed as a linear combination of the eigenfunctions of a
dot without SO coupling:

n,m =
∑

n′,m′,σ ′
An,m,σ

n′,m′,σ ′�n′,m′,σ ′ , (8)

where �n,m,σ = φn,mχσ , φn,m is the spatial wavefunction (see
equation (3)), and χσ is the spin wavefunction. We restrict
the basis of a single-QD system to the six lowest energy
states. These states are {�0,0,↑, �0,0,↓, �0,1,↑, �0,1,↓, �0,−1,↑,
�0,−1,↓}. To find the coefficients An,m,σ

n′,m′,σ ′ in equation (8) we
need to diagonalize the matrix of the SO Hamiltonian. The
elements of this matrix have the form [5]

〈m ↑ |HSO|m + 1↓〉 =

⎧
⎪⎨

⎪⎩

2α

a

√
m + 1 for m � 0

−2α

a

√|m| for m < 0.

Then, after the coefficients An,m,σ
n′,m′,σ ′ are found, the matrices M

in equation (4) should be replaced by 6 × 6 matrices M′
S(D) =

A†MS(D)A.
From the form (7) of the SO Hamiltonian we can see

that the SO interaction results in both lifting the degeneracy
of the spin states of the QDs and coupling of the orbital
motion with the spin degrees of freedom. These properties
of the SO interaction result in new features in the resonant
tunneling conductance peaks. The lifting of the degeneracy
of the spin states of QDs produces double-peak structure in
the G(E) dependence. The separation between the peaks and
correspondingly the distance between the levels of the QD can
be estimated as (α/a)2/ω0. It should be mentioned that in
the six-state basis of the QD some states, such as |1 ↓〉 and
| −1 ↑〉, remain unperturbed by the SO coupling. Therefore,
the energies of these states are h̄ω0, i.e., they are the same as
the corresponding energies in the QD without SO coupling.
The energies of all other states are shifted. There is also a
mixture of the states. This mixture produces the new widths
of the levels of QDs even without tunneling (t) and coupling
(the D process) between the dots. Namely, one of the excited
states can be written as |1 ↑〉 + α/aω0|0 ↓〉, where α/aω0

is usually small. Then taking into account the expression for
M′

S we can find that the width of this level is proportional
to [k2

0a2 + (α/aω0)
2]. The width of the unperturbed level

|1 ↓〉 is proportional to k2
0a2. Then the ratio of the width of

the higher energy state to the width of the lower energy state
is [1 + (α/aω0)

2/(k0a)2]. Therefore, at (k0a) < α/aω the
lower energy resonance peak becomes narrow and the higher
energy peak becomes broad. With increasing (k0a) the widths
of two peaks become the same. This tendency is illustrated in
figure 3(a), where the resonance conductance is shown for two
different values of (k0a). With increasing (k0a) the widths of
the peaks are increased and finally the two peaks merge into a
single peak. The behavior of a double-peak structure induced
by SO splitting is completely different from the corresponding
behavior in the case of the splitting due to inter-dot tunneling.
As we can see in figure 2(b), for the level splitting due to the
tunneling coupling, the higher energy peak is narrow while the
low energy peak is broad, which is opposite to the case for the
level splitting due to SO coupling.

4
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Figure 3. (a) Conductance as a function of energy for a tunneling
electron is shown for uncoupled double quantum dots, i.e., β = 0
and t = 0, with spin–orbit coupling (α/a)/ω0 = 0.2 and at
�S/ω0 = 0.01, and k0a = 0.1 (solid line), k0a = 0.4 (dotted line).
(b) Conductance is shown for a double-quantum-dot system without
direct tunneling between the dots, t = 0, but with the coupling
through the continuum, β = 1, and spin–orbit interaction,
(α/a)/ω0 = 0.2. The other parameters are ρ/a = 10, �S/ω0 = 0.5,
and k0a = 0.07 (solid line), k0a = 0.1 (dotted line). Here we assume
γ = 1.

The results in figure 3(a) are shown for uncoupled QDs,
i.e., actually for a single QD. If we include the coupling
between the dots, then we should expect changes not only in
the widths of the two peaks but also in their shapes.

At first we assume that there is no direct tunneling between
the dots, i.e., the distance between the dots is large enough. In
this case we have coupling between the states of the dots only
through the continuous states of the leads (the D process). Like
for a single QD, the resonance conductance has a double-peak
structure. If the widths of the peaks are small then the peaks
have the same shape as for uncoupled dots. If we increase the
widths of the resonances, i.e., if we increase �S, then the peaks
overlap and we observe the interference effects. The results of
our calculations are shown in figure 3(b). Like in the single-
QD behavior, the higher energy peak is broader than the lower
energy one. But now we have an additional structure. Namely,
at the lower energy peak there is an anti-resonant behavior and
the peak acquires the features of the Fano resonance. This
behavior is due to coupling between the higher energy state
and the lower energy state for the different dots. This coupling
results in additional interference processes in the double-dot
system. At smaller values of β , the coupling occurs between
the lower energy states of the different dots. In this case the
anti-resonant behavior does not appear. What determines the
anti-resonant behavior is the relative sign of �S MS and �D MD.
In our case the relative sign of these two terms is controlled by
the relative sign of MD and MS (through the Bessel functions).
This sign can be positive or negative, depending on the value
of k0ρ0.

An additional contribution to the relative sign of �S MS

and �D MD (or the sign of β) can arise due to a magnetic
field [16]. We did not study this case in the present paper.

Figure 4. Conductance as a function of energy of the tunneling
electron is shown for a coupled double-quantum-dot system with
spin–orbit interaction (α/a)/ω0 = 0.2 and ρ/a = 10, k0a = 0.1,
β = 1. The other parameters are (a) k0a = 0.1, t/h̄ω0 = 0.04, and
the numbers by the lines are the values of �S/h̄ω0;
(b) �S/h̄ω0 = 0.5, and the numbers by the lines are the values of
t/h̄ω0. Here, we assume γ = 1.

If we introduce the direct tunneling between the dots, then
there is an additional splitting and mixture between the states
of different QDs. Generally, this should result in splitting
of the SO-induced double-peak structure into the four-peak
structure of the tunneling conductance. For small widths of
the levels, these peaks can be, in principle, resolved. The four-
peak structure is shown in figure 4(a). Here only one peak
is broad and all others are narrow. We can also think about
the four levels, corresponding to the peaks in the conductance,
as the levels originating initially from two levels, bonding and
unbonding, where the splitting between them is due to direct
tunneling between QDs. Then the SO coupling introduces
an additional splitting of each level. In this picture, the two
higher energy levels in figure 4(a) correspond to an unbonding
level with additional SO splitting, while the lower energy
levels are bonding levels with SO splitting. Like for the case
without SO coupling, the bonding levels are broader than the
unbonding ones. If we increase the widths of the levels, i.e.,
increase �S, then we can observe the interference and the
anti-resonant behavior only for the unbonding levels. For the
bonding levels the conductance peaks quickly merge together,
resulting in a single-peak structure; see figure 4(a). The same
tendency can be observed if we gradually increase the inter-
dot tunneling amplitude, while keeping the strength of the
SO coupling constant; see figure 4(b). At small values of
the tunneling amplitude, there are two peaks, which show
the interference and anti-resonant behavior. With increasing
inter-dot tunneling rate these peaks become shifted to a higher
energy region, but their structure remains almost the same. In
addition to the higher energy peaks there is an another peak
at lower energies. This peak does not show any interference
and has much larger width compared to the higher energy
peaks.

5
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5. Discussion

We have made a few assumptions during the derivation of the
above results. Namely, (i) we considered only six states (with
spin) per QD and then within these states we introduced the
spin–orbit coupling and found the states in the QD system with
SO interaction; (ii) we assumed that the inter-dot tunneling
amplitude is constant and does not depend on the states of the
dots; (iii) we assumed that the tunneling matrix elements, Vk ,
connecting the states of the dots and the leads do not depend
on the states of the dots.

(i) In the analysis of the SO coupling we considered only
six levels (with spin) per dot. Strictly speaking, the
SO interaction also introduces the coupling to the higher
energy states. To see how strong the effect of this coupling
could be on our results for the tunneling conductance, we
performed the calculations for the tunneling conductance
for the QD system with 30 states (with spin) per dot.
We found that within the energy region of interest, the
corrections to the tunneling conductance are very small.
The conductance for the system with 30 states per dot
is shown in figure 5(a), where the results for the system
with six states (with spin) per dot are also shown. We can
see that the shapes and the positions of the conductance
peaks remain almost the same. Therefore the effect
of the SO coupling with the higher energy states is
small. Another reason that we did not consider the
higher energy states in our main analysis is that the actual
shape of the QD is far from the parabolic one. Then
the coefficients of SO coupling between the different
states of the dot are not well known. The uncertainty in
these coefficients introduces corrections to the tunneling
conductance, which are of the same order as or even bigger
than the corrections due to the coupling to the higher
energy states.

(ii) In the above analysis we did not take into account the
dependence of the inter-dot tunneling coupling on the
energy of the states in the QD. The origin of such
dependence is the different widths of the wavefunctions
outside the trapping potential. With increasing energy
of the states the width of the wavefunction is increased.
Therefore the inter-dot tunneling amplitude is increased
with increasing energy of the QD state [17]. With SO
coupling we have a mixture of the states with different
energies. Therefore we should expect a manifestation of
the energy dependence of the inter-dot tunneling coupling
on the tunneling conductance. We calculated the tunneling
conductance taking into account the energy dependence
of the inter-dot coupling and found that the tunneling
conductance remains almost the same. The reason for
such weak dependence of the tunneling conductance on
the inter-dot coupling is the following. We consider the
tunneling conductance within the energy region of the first
excited state of the QD. For the first excited state the main
effect of the SO coupling is the mixture of the ground state
of the dot. Such mixture is relatively small: about 10%.
The inter-dot tunneling coupling for the ground state is
smaller than for the excited states. Then the corrections

Figure 5. Conductance as a function of the energy of the tunneling
electron is shown for a coupled double-quantum-dot system with
spin–orbit interaction (α/a)/ω0 = 0.2 and ρ/a = 10, k0a = 0.1,
β = 1, t/h̄ω0 = 0.04, �S/h̄ω0 = 0.5. In panel (a) the numbers of
states (with spin) per dot are 6 (solid line) and 30 (dotted line). In
panel (b) the numbers by the lines are the ratios of the tunneling
matrix elements, Vk , for the excited state and the ground state of the
dot.

to the inter-dot coupling of the excited states due to the
admixture of the ground state is small.

(iii) In the above analysis we assumed that the tunneling matrix
elements, Vk , connecting the states of the dots and the
states of the leads do not depend on the energy. This
assumption is very important in our analysis. The main
effect of the SO coupling is the mixture of the first excited
state and the ground state of the dot. For the first excited
state the admixture of the ground state is small. But the
inter-dot coupling through the continuous states of the
leads is much stronger for the ground state than for the
excited states. This is because the inter-dot couplings are
proportional to the corresponding Bessel functions (see
equation (5)). Then the SO coupling strongly affects the
inter-dot coupling for the excited states even for a small
mixture between the states. This is opposite to the direct
inter-dot tunneling coupling case (see (ii)), for which the
tunneling coupling for the ground state is less than the
tunneling coupling for the excited states.

At the same time the tunneling matrix element, Vk ,
depends on the energy of the state. The tunneling matrix
element is less for the ground state than for the excited
states. This will suppress the inter-dot coupling through
the states of the leads for the ground state compared to the
excited states. This suppression should modify the interference
effects discussed in the present paper. To illustrate this
tendency we introduced different tunneling matrix elements,
Vk , for different states of the dot and calculated the tunneling
conductance. Since we do not know exactly the profile of
the tunneling barrier between the dots and the leads, we
characterize the dependence of the tunneling matrix element
on the state of the dot by the ratio, ξ , of Vk for the excited
state and that for the ground state. The results are shown in
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figure 5(b). We can clearly see suppression of interference
effects with increasing ξ . At ξ = 10 the conductance peaks
become almost independent and decoupled.

In the above analysis we did not take into account the inter-
electron interaction, assuming that this interaction is strong
enough, so the presence of an additional electron moves the
system to a higher energy range.

As we can see from equation (5) the interference effects
discussed in the present paper are strong only for relatively
small values of k0a and k0ρ. Therefore the wavevector, k0, of
electrons in the leads should be small. In the present approach
we achieve the small value of k0 by introducing quantum wells
as the leads. This means that effectively we couple the dot to
the leads through the narrow quantum well. The position of the
Fermi level in the quantum well can be easily varied and can
take any small values.

6. Conclusions

We have studied the resonant tunneling conductance through
the laterally coupled quantum dots with inter-dot tunneling and
spin–orbit interaction. The coupling between the dots through
the continuous states of the leads determines the widths of
the levels of the dots and correspondingly the widths of the
resonance peaks. Both inter-dot tunneling and SO coupling
result in splitting of the conductance peaks. But there is a
difference between these two types of splitting. Namely, for
SO splitting the width of the higher energy peak in the splitting
doublet is larger than the width of the lower energy peak,
while for the direct tunneling splitting the width of the higher
energy peak is smaller than the width of the lower energy peak.
Another difference is related to the interference between the
peaks due to inter-dot coupling through the continuous states
of the leads. The interference pattern, which results in the
anti-resonant behavior, is observed only for SO splitting of the
unbonding (anti-symmetric) states of the double-dot system.
In our analysis we assumed that the temperature is small, i.e.,
the temperature is much smaller than the inter-level spacing
introduced by inter-dot tunneling and SO coupling.
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